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Abstract –This paper presents an application of white noise functional approach to derive the
quantum propagator and the evolution of the reduced density matrix for an open quantum system
consisting of coupled harmonic oscillators which are coupled to a bath consisting of a multimode
harmonic oscillator. It is shown that the full quantum propagator is a product of three individual
propagators. These propagators were obtained after two successive transformations of the coor-
dinates for the system, and the coordinates for the coupling between the bath and one of the
two harmonic oscillators in the system. The obtained propagator is then used to derive the time
evolution equation for the density matrix describing the system. The method used to derive the
propagator of the open quantum system considered in this paper shows promise for analyzing
open quantum systems, due to its ease of use and mathematical rigor.
Introduction. – Interactions between a quantum
system and its surrounding environment have been a sub-
ject of intense study for the past decades [1]- [4]. These
studies have enabled us to understand better the mecha-
nism behind various quantum processes such as decoher-
ence [5]- [14]. An example of such a mechanism is the
Caldeira-Leggett (CL) model [1, 15]. It is a microscopic
quantum system-bath prototype that enables us to de-
scribe dissipation phenomena in solid state physics, quan-
tum tunneling and quantum computing [16, 17]. The CL
model describes a quantum system with an arbitrary po-
tential interacting with an environment modeled as an in-
finite number of harmonic oscillators [1]. The influence-
functional method of Feynman and Vernon [18] was used
to analyze this model. In doing so, the master equation
describing the dissipative dynamics of the system was ob-
tained.
The exact master equation for the CL model with the
system composed of a single harmonic oscillator interact-
ing with an environment of infinite harmonic oscillators
was solved using the influence functional [2], Wigner func-
tion [19] and quantum trajectories method [20]. The prop-
agator for this particular CL model was solved in refs.
[5,21]. These studies can be extended and generalized to-
wards the analysis of a system composed of N harmonic
oscillators coupled to an environment modeled as an en-
semble of harmonic oscillators. Such an extension and
generalization is vital in understanding macroscopic quan-
tum phenomena such as decoherence since any quantum
system, and the environment with which it is interacting,
can be decomposed into a number of components which
are modeled as harmonic oscillators.
In this paper, we consider a system of coupled harmonic
oscillators interacting with an environment which is mod-
eled as a single multimode harmonic oscillator. Further-
emore, as compared with refs. [2, 5, 15, 21], this method
presents a new way of deriving the quantum propagator
and master equation using the method of white noise anal-
ysis invented by Hida [22]. As compared to the influence
functional method which is considered to be mathemati-
cally ill-defined due to the presence of the Lebesgue mea-
sure, white noise analysis is a mathematically well-defined
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method, and is a powerful tool in evaluating the Feynman
path integral [23]. It is our motivation here to show the
promise of white noise analysis in evaluating propagators
for an open quantum systems.
This paper is organized as follows. The first section will
present the system and the bath, together with their cor-
responding Hamiltonians, considered in this study. The
second and third sections will discuss some basics on white
noise analysis and the recasting of Feynman path integral
in the context of white noise analysis following ref. [23].
Then, the fourth section tackles the derivation of the mas-
ter equation from the propagator. Finally, the fifth sec-
tion will present the application of white noise analysis to
derive the quantum propagator and the master equation,
before we conclude with a short summary.
Coupled Harmonic Oscillators in a Bath. – The
HamiltonianHS of the coupled harmonic oscillator system
immersed in a bath of harmonic oscillators with Hamilto-
nian HB is defined, respectively, as [15]
HS =
p21
2m
+
1
2
mω2x21 +
p22
2m
+
1
2
mω2x22 + λx1x2, (1)
HB =
p2q
2m
+
1
2
mω2qq
2, HSB = Cq(x1 + x2), (2)
where x, q, p, and ω, are the corresponding positions, mo-
menta, and frequencies of the system and bath oscillators,
while λ is the coupling constant of the system-system in-
teraction. Moreover, we assume that the bath coordinate
is linearly coupled to the system with Hamiltonian HSB
given above with coupling constant C. Thus, the total
Hamiltonian can be written as
H = HS +HB +HSB. (3)
White Noise Analysis Fundamentals. – Formally,
a stochastic process like Brownian motion obeys the
stochastic differential equation given by
dX = a(t,X)dt+ b(t,X)dB(t), (4)
where X describes the Brownian motion, B(t) is the
Wiener process, a(t,X) and [b(t,X)]2 are the drift and
diffusion coefficients, respectively. Then, one can solve for
the corresponding Langevin equation, which is
X˙ = a(t,X) + b(t,X)ω(t), (5)
where X˙ = dX
dt
and ω(t) = dB(t)
dt
, is interpreted as the
velocity of Brownian motion, and is called the Gaus-
sian white noise. Furthermore, we can rewrite the Gaus-
sian white noise in terms of Wiener’s Brownian motion
i.e. B(t) =
∫ t
to
ω(τ)dτ =
〈
ω, 1[to,t)
〉
, where we define
〈ω, ξ〉 ≡ ∫ t
to
ω(τ)ξ(τ)dτ .
Now, a key feature of Hida’s formulation is the treat-
ment of the set ω(τ) at different instants of time,
{ω(τ); t ∈ ℜ} as a continuum coordinate system. For the
sum over all routes or histories in the path integral, paths
starting from initial point xo and propagating in Brown-
ian fluctuations are parametrized within the white noise
framework as
x(t) = xo +
∫ t
to
ω(s)ds. (6)
Eq. (6) shows how the value of x(t) is affected by its his-
tory, or earlier values of the modulated white noise vari-
able ω(s) as s ranges from to to t.
A further key feature of white noise analysis is that it
operates in the Gelfand triple [24] S ⊂ L2 ⊂ S∗, link-
ing the spaces of a Hida distribution S∗ and test function
S through a Hilbert space of square integrable functions
L2. Using Minlos’ theorem we can formulate a Hida white
noise space (S∗, B, µ) where µ is the probability measure
and B is the σ-algebra generated on S, and define a char-
acteristic functional C(ξ) given by
C(ξ) =
∫
S∗
exp (〈ω, ξ〉) dµ(ω) = exp
(
−1
2
∫
ξ2dτ
)
, (7)
where ξ ∈ S and the white noise Gaussian measure dµ(ω)
is given by
dµ(ω) = Nω exp
(
−1
2
∫
ω2(τ)dτ
)
d∞ω, (8)
with Nω as a normalization constant. The exponential
term in dµ(ω) is responsible for the Gaussian fall-off of
the propagator function.
Now, the evaluation of the Feynman integral in the con-
text of white noise analysis is carried out by the evaluation
of the Gaussian white noise measure dµ(ω). There are two
important Gaussian white noise measure evaluation meth-
ods; these are the use of T - and S-transforms. For the
T -transform of a generalized white noise functional Φ(ω)
we have the form
TΦ(ξ) =
∫
S∗
exp (i 〈ω, ξ〉)Φ(ω)dµ(ω), (9)
similar to that of an infinite-dimensional Gauss-Fourier
transform. On the other hand, the S-transform is related
to the T -transform as follows:
SΦ(ξ) = C(ξ)TΦ(−iξ), (10)
where C(ξ) is the characteristic functional given in eq. (7).
Feynman Quantum Propagator as a White Noise
Functional. – The propagator for the quantum me-
chanical oscillator has the following form as derived by
Feynman [25]:
K(x, xo; τ) =
∫
exp
(
i
h¯
S
)
D[x], (11)
where S is the classical action defined as S =
∫
L dt with
L as the Lagrangian of the system, andD[x] is the infinite-
dimensional Lebesgue measure. Eq. (11) sums over all the
p-2
White noise path integration of coupled oscillators in a single multimode oscillator bath
possible paths taken by a system/particle from an initial
point x(to = 0) = xo to a final point x(t) = x. Now, to
rewrite this using the white noise analysis approach [23,24]
we introduce the parametrization of the path given by
x(t) = xo +
√
h¯
m
∫ t
0
ω(τ)dτ, (12)
Then taking the derivative of eq. (12), substituting it into
eq. (13) and simplifying the resulting equation, we obtain
the exponential expression in the right hand side of eq.
(11) as
exp
(
i
h¯
S
)
= exp
[
i
2
∫ t
0
ω(τ)2dτ
]
exp
[
− i
h¯
∫ τ
0
V (x)dτ
]
.
(13)
On the other hand, evaluation of the Lebesgue measure
D[x] leads to an integration over the Gaussian white noise
measure dµ(ω) in the relation
D[x] = lim
N→∞
N∏
(Aj)
N−1∏
(dxj) = Nd
∞x, (14)
with
Nd∞x→ Nd∞ω = exp
[
1
2
∫ t
0
ω(τ)2dτ
]
dµ(ω), (15)
where N is the normalization constant. However, the path
parametrization of the Brownian motion in eq. (12) shows
that only the initial point xo is fixed while the final point is
fluctuating. Thus, to fix the endpoint we use the Fourier
decomposition of a Donsker delta function, δ(x(t) − x),
defined as
δ(x(t)− x) = 1
2pi
∫ +∞
−∞
exp (iλ(x(t)− x)) dλ, (16)
such that at time t the particle is located at x. Finally,
with eqs. (13), (15) and (16) we now write the Feynman
propagator in the context of white noise analysis as
K(x, xo; τ) = N
∫
exp
[
i+ 1
2
∫ t
0
ω(τ)2dτ
]
(17)
× exp
[
− i
h¯
∫ τ
0
V (x)dτ
]
δ(x(t) − x)dµ(ω).
The Quantum Master Equation. – To obtain the
master equation, we start from the evolution of the density
matrix given by
d
dt
ρ(t) = − i
h¯
[H(t), ρ(t)] = L(t)ρ(t), (18)
known as the Liouville-von Neumann equation where ρ(t),
H(t) and L(t) are the density matrix, Hamiltonian of
the total system and Liouville super-operator, respectively.
Formally, eq. (18) can be written as
ρ(t) = T← exp
[
− i
h¯
∫ τ
0
L(t)dt
]
ρ(to), (19)
where T← describes the usual chronological time-ordering
operator. Moreover, since we want to describe the dynam-
ics of the relevant system we take the trace of the bath
leading to the reduced density matrix ρS(t) = TrB(ρ(t)).
This gives us information on the dynamics of the system
while being influenced by the bath [3]. Then, we can
rewrite the evolution of the density matrix in eq. (19)
as
ρS(t) = J(t, to)ρ(to), (20)
where J(t, to) is the Liouville space propagator or simply
the evolution operator given by
J(x, xo;x
′, x′o; τ) ≡
〈
T← exp
[
− i
h¯
∫ τ
0
L(t)dt
]〉
B
, (21)
with the symbol 〈· · ·〉B corresponds to the TrB(· · · ρB(t))
[3]. Now in the context of white noise path inte-
gral formalism, by correspondence, we get the relation
J(x, xo;x
′, x′o; τ) = K(x, xo; τ)K
∗(x′, x′o; τ) where the
propagator K(x, xo; τ) is given by eq. (17).
Evaluation of the Feynman Path Integral for
the Coupled Harmonic Oscillators in a Bath using
White Noise Analysis. – With the total Hamiltonian
given in eq. (3), we solve for the total Lagrangian using
Hamilton’s canonical transformations
q˙k =
∂H
∂pk
, −pk = ∂H
∂qk
, (22)
and the relation given by
L =
∑
k
pk q˙k −H, (23)
which yields the total Lagrangian as L = L1 + L2 where
L1 =
1
2
mx˙21 −
1
2
mω2x21 +
1
2
mx˙22 −
1
2
mω2x22
−λx1x2 − Cq(x1 + x2), (24)
L2 =
1
2
mq˙2 − 1
2
mω2qq
2. (25)
Then we utilize a transformation [26] which we can use to
decouple x1 and x2, and gives the relation
x1 = q1 cosφ+ q2 sinφ, (26)
x2 = −q1 sinφ+ q2 cosφ. (27)
It can be shown, by differentiating eqs. (26) and (27) and
substituting them into eq. (24), that
L1 =
1
2
mq˙21 −
1
2
mω2q21 +
1
2
mq˙22 −
1
2
mω2q22 (28)
− λq21 cosφ sinφ− λq1q2 cos 2φ− λq22 cosφ sinφ
− Cqq1(cosφ− sinφ)− Cqq2(cosφ+ sinφ).
Further regrouping and simplification yields
L1 =
1
2
mq˙21 +
1
2
mq˙22 + αq
2
1 + βq
2
2
− γq1q2 − Cqµq1 + Cqνq1, (29)
p-3
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where
α =
1
2
mω2 + λ cosφ sinφ, (30)
β =
1
2
mω2 − λ cosφ sinφ, (31)
γ = λ cos 2φ, (32)
µ = cosφ− sinφ, (33)
ν = cosφ+ sinφ. (34)
In order to eliminate the system-system coupling, γ must
vanish, so that eq. (32) yields
φ =
(2n+ 1)pi
4
, (35)
where n = 0, 1, 2, .... Now when the condition of eq. (35)
is imposed, eqs. (30),(31),(33) and (34) can be simplified
and hence we can rewrite the total Lagrangian as L =
L1 + L2 + L3 where
L1 =
1
2
mq˙21 +
1
2
mΩ21q
2
1 , (36)
L2 =
1
2
mq˙22 +
1
2
mΩ22q
2
2 −
√
2Cqq2, (37)
L3 =
1
2
mq˙2 +
1
2
mω2qq
2, (38)
with newly defined frequencies Ω21 = ω
2 + λ
m
and Ω22 =
ω2 − λ
m
. Notice that we have successfully decoupled the
two coupled oscillators in the system, as can be seen in
eqs. (36)-(38). On the other hand, we are now left with
a coupling between the system and the bath coordinates
q2 and q respectively. This system-bath coupling can be
likewise handled by again performing a transformation [26]
given by
q2 = Q2 cos θ +Q sin θ, (39)
q = −Q2 sin θ +Q cos θ. (40)
For simplicity, we assume that the new frequency Ω2 is
the same with that of ωq in eq. (38). This allows us to
rewrite eqs. (37) and (38) as
L2,3 =
1
2
mQ˙22 +
1
2
mQ˙2 +
1
2
mΩ22Q
2
2 +
1
2
mΩ22Q
2
+
√
2C cos θ sin θQ22 −
√
2C cos θ sin θQ2
−
√
2C cos 2θQ2Q. (41)
Then regrouping and simplification yields
L2,3 =
1
2
mQ˙22 +
1
2
mQ˙2 +AQ22 −BQ2 −DQ2Q, (42)
where
A =
1
2
mΩ22 +
√
2C cos θ sin θ, (43)
B =
1
2
mΩ22 −
√
2C cos θ sin θ, (44)
D =
√
2C cos 2θ. (45)
Likewise to eliminate the system-bath coupling, D must
again vanish, so that eq. (45) yields
θ =
(2n+ 1)pi
4
, (46)
where n = 0, 1, 2, .... Imposing the condition of eq. (46),
we finally obtain a separable L2,3 and thus the total La-
grangian components in eqs. (36), (37) and (38) become
L1 =
1
2
mq˙21 +
1
2
mΩ21q
2
1 , (47)
L2 =
1
2
mQ˙22 +
1
2
mΦ22Q
2
2, (48)
L3 =
1
2
mQ˙2 +
1
2
mΦ2Q2, (49)
where Φ22 = Ω
2
2 +
√
2C
m
and Φ2 = Ω22 −
√
2C
m
. Clearly, it is
evident that the total Lagrangian is separable into prop-
agators for three independent harmonic oscillators which
enable us to smoothly evaluate the Feynman path inte-
gration in the context of white noise analysis. Moreover,
the classical action can be written as S =
∫ t
0 L1dτ +∫ t
0 L2dτ+
∫ t
0 L3dτ ⇒ S1+S2+S3. Thus, the full propaga-
tor can be written as K(q1, Q2, Q; q1o, Q2o, Qo; τ) = KF =
K(q1, q1o; τ)K(Q2, Q2o; τ)K(Q2, Qo; τ) where
K(q1, q1o; τ) = Kq1 =
∫
exp
[
i
h¯
S1
]
D[q1], (50)
K(Q2, Q2o; τ) = KQ2 =
∫
exp
[
i
h¯
S2
]
D[Q2], (51)
K(Q,Qo; τ) = KQ =
∫
exp
[
i
h¯
S3
]
D[Q]. (52)
Hence, we have shown that the full propagator is likewise
separable. We then proceed with the evaluation of each
individual propagator using white noise analysis.
The Evaluation of Kq1 . We substitute eq. (47) and
the classical action into eq. (17) and in doing so, we obtain
the following propagator:
Kq1 = N
∫
exp
[
i+ 1
2
∫ t
0
ω(τ)2dτ
]
(53)
× exp
[
− i
h¯
∫ t
0
SV (q1)dτ
]
δ(q(t)− q1)dµ(ω),
where SV (q1) is just a term for the effective action of
the harmonic oscillator potential. We parametrize the
Donsker-delta function in eq. (16) as follows:
δ(q(t) − q1) = 1
2pi
∫ +∞
−∞
exp [iλ(q1o − q1)]
× exp
[
iλ
∫ t
0
ω(τ)dτ
]
dλ, (54)
We also parametrize the second exponential expression,
which contains the potential, at the right hand side of eq.
p-4
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(53), which yields:
exp
[
− i
h¯
∫ t
0
1
2
mΩ21
(
q1o +
∫ t
0
ω(τ)dτ
)2
dτ
]
. (55)
This contains second degree in white noise which makes
it difficult to deal with. To remedy this, we apply Taylor
series expansion as specified in ref. [24]
SV (q1) ≈ SV (q1o) + 1
1!
∫
dτω(τ)
∂SV (q1o)
∂ω(τ)
(56)
+
1
2!
∫
dτ1dτ2ω(τ1)
∂2SV (q1o)
∂ω(τ1)∂ω(τ2)
ω(τ1).
For simplicity we choose the initial point q1o = 0 which
leads to SV (q1o) = 0 and
S′ =
∂SV (0)
∂ω(τ)
=
h¯
m
∫
V ′(0)dτ ⇒ 0, (57)
S” =
∂2SV (0)
∂ω(τ1)∂ω(τ2)
=
h¯
m
∫ t
τ1∨τ2
V ′′(0)dτ
⇒ h¯Ω21(t− τ1 ∨ τ2). (58)
Then, with eqs. (54), (57) and (58) we can rewrite the
propagator as
Kq1 =
∫ +∞
−∞
exp [−iλq1]
2pi
[
T.I
(√
h¯
m
λ
)]
dλ, (59)
where
I = N exp
[
−1
2
〈ω,−(i+ 1)ω〉
]
exp
[
−1
2
〈
ω,
i
h¯
S”ω
〉]
,
(60)
and the evaluation of the Feynman path integral is car-
ried by the T-transform [24] given by T.I(ξ =
√
h¯
m
λ) =∫
I exp
[
i
〈
ω,
√
h¯
m
λ
〉]
dµ(ω) which can be simplified as
T.I =
[
det
(
1 + L(K + 1)−1
)]− 1
2 (61)
× exp

−1
2
(K + L+ 1)−1
∫ t
0
(√
h¯
m
λ
)2
dτ

 ,
where K = −(i+1) and L = ih¯−1S”. Then, we substitute
eq. (61) into eq. (59). Simplifying, we obtain
Kq1 =
1
2pi
[
det
(
1 + L(K + 1)−1
)]− 1
2
∫ +∞
−∞
dλ
× exp
[−h¯t(K + L+ 1)−1
2m
λ2 − iq1λ
]
. (62)
However, we note that
(
1 + L(K + 1)−1
)
= (1 − h¯−1S”)
and (K+L+1)−1 = i(1− h¯−1S”)−1. We can then rewrite
eq. (62) as
Kq1 =
1
2pi
[
det(1− h¯−1S”)]− 12 ∫ +∞
−∞
dλ
× exp
[−ih¯t(1 − h¯−1S”)−1
2m
λ2 − iq1λ
]
. (63)
Utilizing the Gaussian integral formula, we obtain
Kq1 =
1
2pi
[
det(1− h¯−1S”)]− 12
×
√
2pim
ih¯t
〈
e, (1− h¯−1S”)e〉
× exp
[
imq21
2h¯t
〈
e, (1− h¯−1S”)e〉
]
, (64)
where the unit vector e is defined as e = t−
1
2χ[0,t]. Then,
after some simplification [24, 27] we get
det(1− h¯−1S”) = cosΩ1t, (65)〈
e, (1− h¯−1S”)e〉 = 1
Ω1t
tanΩ1t. (66)
Finally, using eqs. (65) and (66), we obtain the q1-
dimension propagator as
Kq1 =
√
mΩ1
2piih¯t sinΩ1t
exp
[
imΩ1
2h¯
q21 cotΩ1t
]
. (67)
The Evaluation of KQ2 and KQ Propagators. Notice
that the Lagrangians L2 and L3 are just similar to that
of the q1-dimension Lagrangian. Thus by following the
same procedure in evaluating q1-dimension propagator, we
obtain the propagators as
KQ2 =
√
mΦ2
2piih¯t sinΦ2t
exp
[
imΦ2
2h¯
Q22 cotΦ2t
]
, (68)
KQ =
√
mΦ
2piih¯t sinΦt
exp
[
imΦ
2h¯
Q2 cotΦt
]
. (69)
The Full Propagator. We can now solve for the full
propagator which is just the product of eqs. (67), (68)
and (69). However, in doing so we must transform it back
to its original coordinates. Doing so gives us the following
relations:
Q2 = q2 cos θ − q sin θ, (70)
Q = q2 sin θ + q cos θ. (71)
Using these expressions for Q and Q2, with θ =
(2n+1)pi
4 ,
we can rewrite eqs. (68) and (69) as
KQ2 =
√
mΦ2
2piih¯t sinΦ2t
exp
[
imΦ2
2h¯
(q2 − q)2 cotΦ2t
]
,
(72)
KQ =
√
mΦ
2piih¯t sinΦt
exp
[
imΦ
2h¯
(q2 + q)
2 cotΦt
]
.(73)
Finally transforming back q1, q2 into x1, x2 we obtain the
relation
q1 = x1 cosφ− x2 sinφ, (74)
q2 = x1 sinφ+ x2 cosφ, (75)
p-5
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which allows us to rewrite eqs. (67), (72) and (73) as
Kq1 =
√
mΩ1
2piih¯t sinΩ1t
exp
[
imΩ1
4h¯
(x1 − x2)2 cotΩ1t
]
,
(76)
KQ2 =
√
mΦ2
2piih¯t sinΦ2t
× exp
[
imΦ2
4h¯
[
√
2
2
(x1 + x2)− q]2 cotΦ2t
]
, (77)
KQ =
√
mΦ
2piih¯t sinΦt
× exp
[
imΦ
4h¯
[
√
2
2
(x1 + x2) + q]
2 cotΦt
]
. (78)
Hence we can write the full propagator as
KF =
( m
2piih¯t
) 3
2
[
Ω1ΦΦ2
sinΩ1t sinΦt sinΦ2t
] 1
2
× exp
[
imΩ1
4h¯
(x1 − x2)2 cotΩ1t
]
× exp
[
imΦ2
4h¯
[
√
2
2
(x1 + x2)− q]2 cotΦ2t
]
× exp
[
imΦ
4h¯
[
√
2
2
(x1 + x2) + q]
2 cotΦt
]
, (79)
where the frequencies are given by Ω1 =
√
ω2 + λ
m
, Φ =√
ω2 − λ
m
−
√
2C
m
, and Φ2 =
√
ω2 − λ
m
+
√
2C
m
. Now, it
follows that the Liouville space propagator can be solved
as JF = 〈KFK∗F ′〉B , wherein in this operation, we trace
out the bath variable q and set the coupling constant C to
zero. In doing so, we find that Φ = Φ2. We then obtain
the evolution of the reduced density matrix in eq. (20) as
ρS(t) =
( m
2pih¯t
)2 [ Ω1Φ2
sinΩ1t sinΦ2t
]
× exp
[
imΩ1
4h¯
[(x1 − x2)2 − (x′1 − x′2)2] cotΩ1t
]
× exp
[
imΦ2
4h¯
[(x1 + x2)
2 − (x′1 + x′2)2] cotΦ2t
]
× ρ(0). (80)
We note that the obtained Liouville space propagator JF
corresponds to the quantum mechanical propagator for
coupled harmonic oscillators which agrees with the result
obtained in ref. [26].
Conclusion. – In this article, we have successfully
solved for the quantum Feynman propagator for a system
of coupled harmonic oscillators interacting with a bath
consisting of a single multimode harmonic oscillator us-
ing the white noise analysis. The full quantum propaga-
tor is a product of three harmonic oscillator propagators,
which are obtained after imposing two successive coordi-
nate transformations to decouple the oscillators from each
other and from the bath. Furthermore, the obtained evo-
lution of reduced density matrix corresponds to the evolu-
tion propagator of the coupled harmonic oscillators which
has a form similar to ref. [26].
Indeed, the method of white noise analysis posits
promise in evaluating the propagators for open quantum
systems. In particular, it can be applied to systems with
N coupled oscillators which are all coupled to an environ-
ment, which can be used to model quantum transport of
energy excitations in solid state and biological systems.
The authors will explore these areas in further detail in
future work.
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